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Abstract: We consider a 2D infinite cylindrical thermoelastic body. The theory used is that of thermoelasticity due
to Green — Lindsay. The surface is assumed to be traction free and subjected to a known asymmetric temperature
distribution. The body is under the action of a general body force. Using Fourier series, we develop a general
solution for any type of body forces. We next apply our method to a specific problem. Laplace transform is used.
The inversion process is carried out numerically. Numerical results are computed for the temperature,
displacement and stress distributions and shown graphically.
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1. INTRODUCTION

Biot [1] developed the theory of coupled thermoelasticity this theory was found to deviate from physical realities in that it
predicts infinite speed of propagation for thermal waves. Lord and Shulman [2] were the first to develop a theory of
thermoelasticity that ensures finite wave speeds. Their theory is called the theory of thermoelasticity with one relaxation
time. They have obtained their theory by modifying the Fourier's law of heat conduction. Some contributions to the
subject can be found in [3-8]. Green and Lindsay [9-10] derived the governing equations of the theory of thermoelasticity
with two relaxation times. They have used a generalization of a known thermodynamic inequality. Their theory does not
violate Fourier's law when the body has a centre of symmetry. Some contributions to this theory are [11-16].

In industry, the effect of body forces is very important, to the authors' knowledge, all the papers dealing with body forces
in the generalized theory of thermoelasticity choose to deal with solenoidal forces only to simplify the governing
equations [17-18].

In this manuscript, we show how to deal with non solenoidal body forces. Our treatment can also be used for solenoidal
body forces.
2. FORMULATION OF THE PROBLEM

In this work we consider a two-dimensional problem for an infinite long cylinder with radius “a” within the context of the
theory of thermoelasticity with two relaxation times. We consider a homogeneous isotropic thermoelastic solid occupying

the infinite circular cylinder region0<r<a,0<¢ <2z, -0<z<o, where (I',,Z) are cylindrical polar coordinates.

We shall also assume that the initial state of the medium is quiescent. The surface of the cylinder is traction-free and
enclosed in a surrounding medium with temperature distribution varying circumferentially and under the action of body
forces.
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From the physics of the problem, it is clear that all the functions considered will depend on r, ¢ and t only.

The displacement vector u, thus, has the components
Up=u(r,pt) u,=v(r.gt)and u,(ret)=0 @)

The components of the strain tensor are thus given by

ou
B = — 2
L (23)
1o0v u
e, =——+— 2b
" rop r (2b)
" 2\rop or r
e, =e,=¢e, =0 (2d)

The cubical dilatation € is thus given by

0 (a,p,t)=f(p,s) ®3)

The equations of motion can be written as

2
(A+u) grad e+ 4vVu—y(gradT +u§grad T)+F=p 5_121 @)
ot
The generalized equation of heat conduction has the form
0 0 oe
KVT =—|147— | pC.T+y T, — 5
é’t( é’tj|:p E Y oat} (%)

. . . o 1({o(ru) ov
In the above equations, T is the absolute temperature and e is the cubical dilatation given by € =— 6— + 8_ :
r r Q

In the preceding equations p is the density, the constants A and 4 are Lamé’s constants and » = ot (34 + 244) where @ is
the coefficient of linear thermal expansion. Cg is the specific heat at constant strain, k is the thermal conductivity,

randv are the relaxation times and Ty is a reference temperature assumed to be such that |(T —Tg)/To| <<1.

F= (Fr . F¢, ,0) is the body forces vector per unit volume and VZis Laplace's operator given in our case by :

2
10 o0 10
VZ =——|r— |+——F
rorl or) r?gg?
The components of the stress tensor are given by

oT
o =2ue; +[Aey —y(T -Ty + Va)]@; (6)
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For convenience, we shall use the following non-dimensional variables:
r’=cpr, u =cnu, VvV =cnv, t =c¢/nt, ¢ =c’nr, v =cinv

9:7/0-_-[-0)
(A+2u)

* F * F¢ *

A e F¢ =5 . O
(A+2u)cn (A+2u)cn

pCg A+2u . . . I :
where 77 = K C, = . C, is the speed of propagation of isothermal longitudinal elastic waves.
Y2

Using the above non-dimensional variables, the governing equations take the form

_%i
7,

2
(,[)’2 —1) grad e+Vu —,62 grad@—[;’zug(grad 0) +,[)’2F = [J’Z é)—l; %)
ot
2
V20 = i+ré’— 0+g@ ®)
ot a¢t? ot

while the constitutive relation (6) becomes

20 1 (52 32040 908,
aij =[2ejj+ (B - 2) ey ij— B (1+Va)95|]] 9)

2
where ,82:—/1+2'u, 6‘=—T07 .
H pPCe (A +2u)
Using the vector identity
V?u = grad divu —curl curlu = grad e — curl curl u (10)
Then equation (7) takes the form
2
,82 grad e—curlcurlu —,82 (1+u§)grad 0+ ,82F = ﬂz ﬁ—g (11)
ot
Applying the div operator to both sides of the above equation, we get
2
Vz—ﬁ— e+divF = 1+ui V2o (12)
A t2 ot

The boundary conditions are taken as
0(a,p.t)=f(p1) (13a)
o (a,p,t)=0 (13b)
O'rq,(a,(p,t):O (13¢)

where f (@,t) is a known function.
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3. SOLUTION IN THE LAPLACE TRANSFORM DOMAIN
Applying the Laplace transform defined by the relation [19]

o0

) f_(r,go,s):L[f(r,qﬁ,t)]:j f(r,pt)estdt,
0

to both sides of Egs. (3), (8), (9), (11) and (12) we obtain

e= %[? +g—‘;j (14)
(V2 —5-75%)0 = esE (15)
G; =[28; + (B —2)€5; — B2 (L+vs)0 5] (16)
B*grad € —curlcurlt — g (L+wvs)grad 8 + B°F = p’s°U a7
(V? =52 g +divF = (1+0s)V?0 (18)
The boundary conditions (13), in the transformed domain, take the form

§(a,(p,t) = f(p,s) (19a)
&y (a,,5)=0 (19b)
Er(p(a,go,s)=0 (19¢)

Eliminating & between Eqgs.(15) and (18), we get

[V* —(s2(+7) + es(+vS) +sIV2 +5°(1+75)]0 = —esdivF (20)
The above equation can be factorized as

(V? —kf)(V2 —kf)éz—gsdivf (21)
where kf and k22 are the roots with positive real parts of the characteristic equation

k*—(s°(@+7)+ &5+ vs)+sk? +s°(L+75) =0 22)

The complementary solution of Eq.(21) can be written in the form

0 =0, +0,

§C = 6_?1C + 52(; where §ic is the solution of the homogeneous equation

(V2 -k?)6, =0, i=12 (23)

We shall solve Eq. (23) by the method of Eigen function expansion [20-21]. We write the function éc (r, @,8) in the form

6 (r,0,5) =R(r,s) ®(p) (24)
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Substituting from Eq.(24) into Eq.(23) then we get

2 2
g[rza R+r@j_k-2r2+ia—®=0 (25)
R or? r

Since the variables I, S and ¢ are independent, we obtain the two equations

2
%(ﬂgﬁjkc -
or r
2
loe =-C. (26b)
(0) 5¢2

where C is a constant.
Since 9_Cand hence @ are periodic functions in ¢ of period 27, we must have
C=n? n=0,1,2,... 27

Substituting from Eq. (27) into Eq. (26), we obtain

o°R 0R
r? +r——(k*r* +n®)R =0, 28a
or> or (ki ) (282)
2
oo ‘f - 20 (28b)
op
The solutions of Egs.(28) have the form
R=R,(r,s)=1,(kr),K,(kr), n=0,1,2,... (29a)
® = d,,(p) =cos(ng),sin(ng), n=0,1,2,..... (29b)

where | (k;r)and K (k;r)are the modified Bessel functions of the first and second kinds of order n, respectively.

Since we are seeking solutions that are bounded at the origin, then K, (ki I') are not appropriate Eigen functions for our

problem, we thus obtain

R=R,i(r,s)=1,(kjr), i=1,2, n=0,1,2,... (30a)

We shall also take the function @, () to be an even function of ¢, thus

d =0, (p)=cos(np), n=0,1,2,..... (30b)

The general solution of Eq. (23) is given by

. o 2 s 9

b = D 2 Aniki —s%) I (kir) cos(ng) (31)
n=0i=1

where A, i=1,2, n=0,1,2,....are some parameters depending on S only.
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The particular solution depends on the form of F.

The general solution of equation (21) become

o 2
0=> > Ai (k? —s?) 1, (kir) cos(ng) +0,

n=0i=1

Similarly, it can be shown that

o 2
§=(1+08) D) > Ayk? 1y (kir) cos(ng) +&,,
n=0i=1

Now, we have

A A

& re, &
1o o o| 1j0(rv) ou |,
curli==|— — —|==|—"2-—1§
rior op oz| r| or O¢
u rv 0
and

|1 ofo(rv) ou)l, o(1l(o(rv) oau .
curl curlu = 72 il ' e B el R
r¢ op\ or Ogp orir\ or Op

Substituting from Eq's (34) and (35) into Eq. (17) and equating the coefficient ofér , We get

2 2.2V _ 9 = 0 ) _ ) —
(V ~ B%s )(ru)=29—,8 rFr—ra—[(,B ~1)g - f*(1+vs)A]

r

Substituting from Egs. (32) and (33), we obtain the following equation satisfied by U’

(VZ —ﬁzsz)(m) ~2ep - H - rg[(ﬂz _l)gp - B+ us)ép}

© 2
+1+08) Y Y Ayi{[2k? +n(kf = £2sH)]I (kir) — [k — 252 Irk; 1,1 (kir)}cos(ng)

n=0i=1

(32)

(33)

(34)

(35)

(36)

@7

In obtaining the above equation, we have used the following relations of the modified Bessel functions of the second kind

[22, 23]

dl,(kir) n
Sl D14 + il )

dlp g (kir n+1
Aot _ 1 -1 )

The solution of Eq. (37) is the sum

The complementary function U, is the solution of the homogeneous equation
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(Vz—ﬂzsz)(rﬁc):o (40)

Following the same steps done in solving Eq. (23), we arrive at

_ (1+0s) &

Ug = ( ) D Bp(s) In(Bsr)cosne (41)
n=0

UpO is the particular solution corresponding to the summation in the right hand side of equation (30) which can be

determined without knowing the form of the body force as:

o 2
(1+rUS) 3> MK (kir) 1 ki Ko, (kir)cos(ng)

n=0i=1

LTpF is the particular solution corresponding to the body force which will be determined later on. Collecting the above

results, we obtain

1+
_{d+vs) Z Bp(s)l,(Bsr)cosng
n=0 42)
o0
Z ZAni {nly (kjr)+rkj Iya(kjr)kcos(ng) |+UpF
n=0i=1
Since we have:
oV 0
—=re——(ro). (43)
oQ or
Substituting from Egs. (33) and (42) into Eq.(43) and integrating with respect to ¢ , we obtain
(L+vs) ﬂs i 2 2 i
V=- Z Bnlln (Bsr)+——Inq(Bsr)lsinng+ > > Apinl, (kir)sinng |+V o (44)
r n=0i=1
where va is the particular solution given by
Vor = [| rege -2 rae 1| 4
VoF _I repr —g[rup,:] ¢ (45)
The stress components, the components in cylindrical polar coordinates have the form
u _ —
a”=2?—+(ﬂ2 2)e—ﬂ2(1+us)0 (46a)

5, ,= 00, N ¥ (46b)
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Substituting from Egs. (32), (33), (42) and (44) into Egs.(46), we get

n=0

Ory —2(1"'05){2 B (5)[ | (ﬁsr)"'ﬂ n+1(ﬁ5r)}cos(n¢)

(47)
n(n-1) ,B
£y ZAﬂ. [ In (ki )— lns1(KiT) |COS(N@) { + G rpr
n=0i=1
_ 2 < 1-n  pB%s°r f3s .
Or g :F(1+us) Z Bh(s) (T_ o In(ﬂsr)+Tln+1(,Bsr) sinng
n=0 (48)
o 2
n(l—n) . _
+2. 2 Ani I (kjr)—nk; |n+1(kir):|5mn¢}+ar(ppF
n=0i=1 r
4. NUMERICAL RESULTS
In order to evaluate the unknown parameters A ,i=1,2 , N=12,......... and B (s), n=12,......... we shall use the
boundary conditions (19)
We expand the function f((o,s) in Fourier cosine series in ¢ as
_ (e 0]
f(p,s)= D Fy(s)cosng (49)
n=0
17+ 17 -
where Fy :—J f(p,s5)de, F :—I f (p,s)cosnepde
b V4
0 0
Using Fourier cosine series, we get
0% 2 .
Fo=—and F, =—sinngy n=123,.....
T Nz
Also, we expand F, F¢ into Fourier series as follow:
o0
F(r@s)= Y Fp(r,s)cosng
n=0
e 0]
Fp(r9.8)= D Fyn(r,s)sinng
n=
where, Fy , Fy,p are the Fourier coefficients of F, F,, respectively.
Form now on, we shall choose the components of the body force as follow,
F= Ar? cos @ (50a)
F¢ =0 (50b)
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F,=0 (50c)
where A is constant .

We have chosen these components to satisfy the condition that (divF = 0), to the authors knowledge, all pervious
works in thermoelasticity which deal with external body forces always assumed that these forces were solenoidal
(div F = 0) .This was done to simplify the governing equations.

We have,
. 1| o oFy| 1] 0
divF = rF - + » rF,cosng |+— F, sinn 51
r{ar( )t 6(/5} r[@r[ 2 nzl M ¢] ¢£z on ¢H oy
For our choice,
F,=0F,=Ar*andF,,=F, =....=0,then
divF =3Aregcos ¢ (52)

Substituting from (52) into (32),(33), (42), (45), (47) and (48) we get

0= ZZAm(kz—s )1 (ki r)cos(ngp)—ircow (53)
n=0i=1 (+TS)
(1+us)ZZAmk I (k; r)cos(ngo)+—rc05(p (54)
n=0i=1

0= (1“)5){2 B, (5)1,,(Bsr)cosng + Z ZAm{n' (kir) +rki Ina (ki r)}cos(n(o)}

r n=1 n=0i=1

(55)
N Ardcosg . 3% (L+vs)e + (3% —~1)(L+75s) Arcosg
g3 ﬁ255(1+ 79)
_ (l+vs) psr
Ve Z B, (), (ﬂsr)+—|n+l(ﬂsr)]sm ne + Z ZAmnI (kjr)sinng
n=0i=
(56)
_3,82(1+us)5+(3,8 DA+ pding
235(1+ 7S)
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Orr —2(1+US){ZB O ey (ﬂsr)+ﬂ— In+1(Bsr)]cosng
n(n 1) ,8232
+ZZAn.{[ 1 (kir) —— n+1(k r)}cos(ng) (57)
n=0i=1

.38 (1+us)g+(3,82 2)(L+75)
S (1+rs)

Arcos g

o0 2.2
Er(p—%(lJruS){z (S)( ﬁzi r]|n(ﬂs,r)+%InJrl(ﬂsr)Jsinngo

(58)

o 2
+Z‘E)Z‘1Ani {n(lr— n) I, (kjr) —nk; In+1(kir)}sin n(p}—%rsin(p
n=0i=

S

Using the boundary conditions (19) together with equations (57) and (53) for N =0 we get upon equating the
coefficients of COSN¢ and Sin N¢g the following.

2.2 2.2
PortTZ 1o 02— (@) Ao T2 g (ko) ~*2 h (kpa)} =0 59)

Ag1(kf —5%) 19 (kga) + Agy (k5 —s%) lg (k) = Fy(s) (60)

For n > 0, equating the coefficients of COSN@ and SiNNg for both sides of equations (57), (58) and (53), we obtain

ﬂ

(1+US){B Olsi g n(fsa)+—In,1(Fsa)]

+2Aﬂ{[n(n 1) ,8252

11h (kja) - n+1(k a)}} (61)

B 3ﬂ (l+us)g+(3,8 —2)(1+rs)
- n

253 (d+7s)
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B 2.2

L+ 09){ B (9)| [0 -2 B (gsa) + L1y )

5 (62)

+2 A {Mln(kia)_nki |n+1(kia)} :%a25nl

i=1 a 25
2
3 i (67 =) 1 (ki) ——e—adiy = o ()07 3
i—1 s°(l+7s)

Solving the equations (59) — (63) numerically, we get the complete solution of the problem in transformed domain.
The constants of the problem are shown in table 1

Table 1: The material parameters

p = 8954 kg/m® o =178 (10)° K™ ce =381 J/(kg K) | 1 =8886.73
1=3.86 (10)° kg/(m s?) | A =7.76 (10) kg/(m s?) | &= 0.0168 To=293K
a=1m 7=0.02s A=1 v=0.02s

The copper material was chosen for purposes of numerical evaluations. The constants of the problem are shown in Table
1.

The surface of the cylinder is kept at a constant temperature equal to unity over the sector —@p < @ < @ and zero

T :
everywhere else. The constant ¢g was taken as E during computation.

2 .
The Fourier coefficients are thus given by Fy = 4l and F, =—sinngy, n=123,....
V4

Nz

The problem was solved above in the transformed domain in the form of a series of complex numbers. To obtain the
solution in the physical domain, we have tried two different approaches.

(1) The series of complex terms was summed to give a complex functions. This function was inverted using a numerical
approach whose details can be found in [24].

(2) Each term of the series was inverted using the above mentioned method and then the series was summed.
It was found that the second method is much better in terms of the accuracy achieved and run time of the program.

We used the Fortran programming language. The accuracy maintained was five digits. The maximum number of terms
used varies according to the function used. This numbers was 50 for the temperature, 20 for the displacement and 40 for
the stress.

All the functions were carried out for two values of timet = {0.1, 0.2} .

The graphs of the temperature, displacement and stress are shown in figures 1-3, respectively plotted on the diagonal
@ ={0, 7}, while the temperature, displacement and stress are shown in figures 4-6, respectively plotted on the diagonal

0 ={7.1074}.
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5. CONCULUSION

We conclude from these figures the following:

(1)
)
©)

(4)

The effect of the body force on the temperature is very small.

The effect is more pronounced in the case of the displacement and the stress.

The waves for all the functions travel with finite speeds. The solution is identically zero far away from the source of

disturbance.

In this work, we have shown how to deal with non solenoidal body forces. To the authors' knowledge, this is the first

work to deal with a body force not satisfying the condition that divF = 0.

t =0.1 without body force
t =0.1 with body force
—.—.— t=0.2 without body force
______ t =0.2 with body force

-
-
-
=

05 0

Fig. 1. Temperature distribution with the diagonalp =0 .

-
-
-

0.0

=
—_
NI BN

=
P

™ ™ ™ -—_____,. T -r"""!-._a:.__;h__t'. T ” T ]
05--" 0 05 T 1
L s t= (), without body force

t =0.1 with body force
—.—.. t=0.2 without body force
----- t =0.2 with body force

Fig. 2. Radial displacement distribution with the diagonal @ =0.
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4 M - - -
1.0 -~ ¢ =01 without body foree N
. — t=0.1 with body force RO
| ———-- t =0.2 without body force
20" _____. t =0.2 with body force
Fig. 3. Radial stress distribution with the diagonal ¢ = 0.
&
03
1 t =0.1 without body force Py
| t =0.1 with body force \
P t =0.2 without body force
I L t =0.2 with body force
0.1
- ‘.’/
~
| -
- /’
i "
e r
0.0 T rteitey i [','.T T T T T T T T T T T T T T 1
1 0.5 0 0.5 1
Fig. 4. Temperature distribution with the diagonal ¢ = % :
y o o I
0.3 7]
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- /’
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0.1 L
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Fo-m T 05" 0 0.5 1
] " ) r
0.1 P t= 0. without body force
1_.-" t =0.1 with body force
032 —.—.- t=0.2 without body force

t =0.2 with body force

Fig. 5. Radial displacement distribution with the diagonal ¢ = % :
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Fig. 6. Radial stress distribution with the diagonal ¢ = % :
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